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Abstract Inspired by Ying’s work on automata theory based on quantum logic and clas-
sical automata theory, we introduce the concepts of reversal, accessible, coaccessible and
complete part of finite state automata based on quantum logic. Some properties of them are
discussed. More importantly we investigate the recognizability and accessibility properties
of these types on the framework of quantum logic by employing the approach of semantic
analysis.

Keywords Quantum logic - Quantum automata

1 Introduction

Quantum logic was introduced by Birkhoff and Von Neumann [1] as the logic of quantum
mechanics, and it stemmed from Von Neumann’s Hilbert space formalization of quantum
mechanics in which the behavior of quantum mechanical system is described by a closed
space of Hilbert space. By noting that the set of all closed subspace of a Hilbert space
consists of an orthomodular lattice, it was suggested that orthomodular lattices would be
used as the algebraic version of the logic of quantum mechanics, just like Boolean algebras
acting as an algebraic counterpart of classical logic. The major difference between Boolean
logic and quantum logic is that the latter does not enjoy distributivity in general. Usually,
orthomodular lattices are thought of as quantum logic [12]. Nowadays, with ever-increasing
interest in quantum computing, different kinds of quantum logics have been put forward
[3, 19]. They are based on different principles, for example based on probability [11].
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Automata theory based on quantum logic has attracted attention in the academic commu-
nity [4-7, 9, 13, 14]. A fundamental, yet particularly simple, model of quantum computation
is a quantum finite state automata. Recently, Ying [20, 21] primarily and very significantly
considered automata theory based on quantum logic (/-valued automata), in which quan-
tum logic is understood as a logic whose truth-value set is an orthomodular lattice, and an
element of an orthomodular lattice is assigned to each transition of an automaton and it is
considered to be the truth value of the proposition describing the transition. This is a log-
ical approach to quantum computation, and it should be treated as a further abstraction of
mathematical models of quantum computation.

With this approach, Ying [20, 21] introduced the orthomodular lattice quantum predi-
cate of recognizability, dealt with some operations on /-valued automata, and interestingly
established corresponding pumping lemma. The author [22] reexamined carefully various
properties of automata in the framework of quantum logic by employing the approach of
semantic analysis. The closure properties of orthomodular /-valued regular languages are
derived. The Kleene theorem about equivalence of regular expressions and finite state au-
tomata is generalized in to quantum logic. It is found that the universal validity of many
properties (for example, the Kleene theorem, the equivalence of deterministic and nonde-
terministic automata) of automata depend heavily upon the distributivity of the underlying
logic. This indicates that these properties do not universally hold in the /-valued automata.
These negative results may help us to clarify the boundary between classical computation
and quantum computation. Afterwards many researchers [2, 10, 15, 16, 18] initiated the
further study of quantum finite automata introduces by Ying [20, 21].

This paper is further study on /-valued finite automata by employing the approach of
semantic analysis. We introduce the concepts of reversal, accessible and complete based on
the quantum logic. Some properties of them are discussed. More importantly we investigate
the recognizability and accessibility properties of these types on the framework of quantum
logic by employing the approach of semantic analysis.

2 Preliminaries

In this section, we review some basic notions and terminology needed in the subsequent
sections and to fix notations. For more details, we refer to [8, 22]. The set of truth values of
a quantum logic will be taken to be an orthomodular lattice. So we first recall the notion of
orthomodular lattice.

An orthomodular lattice is a 7-tuple [ = (L, <, A, Vv, L, 0, 1), where:

) I=(L,<,A,Vv,1,0,1) is a complete lattice, 0,1 are the least and greatest elements
of L, respectively; < is the partial ordering in L; AM and VM stand for the greatest
lower bound and the least upper bound of M, respectively.

(2) L is a unary operation on L, called orthocomplement, and required to satisfy the fol-
lowing conditions, for any a, b € L:

() arnat=0,avat=1;
(i) att =a;
(iii) a < b implies b+ <a*t;
@iv) a A (atV (@anb)) <b.

A quantum logic is a complete orthomodular /-valued logic. We use the Sasaki arrow as
the implication operation operator. The Sasaki arrow is defined as follows: for any a,b € L,

a—b¥atv(anb)
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B3)a<biffa—-b=1.
The bi-implication operator corresponding to the Sasaki arrow is defined as follows:
@) a<b®@—b)A(b—>a)foranya,bel.

Letl=(L,<,A,V,L,0,1)be acomplete orthomodular lattice and — the Sasaki arrow.
The syntax of /-valued logic is similar to that of classical first-order logic. We have three
primitive connectives — (negation), A (conjunction), and — (implication) and a primitive
quantifier V (universal quantifier). The connectives V (disjunction), <> (bi-implication), and
the existential quantifier 3 are defined in terms of —, A, — and V in the usual way.

In addition, the semantics of /-valued logic is given by interpreting the connectives —, A,
and — as the operations L, A, and —, respectively, on L and by interpreting the quantifier V
as the greatest lower bound in L. In addition, the truth value of set-theoretical formula x € A
is [x € A] = A(x). It is worth indicating that in this paper the set A and its characteristic
function are identified. In the /-valued logic, 1 is the unique designated truth value. In other
words, a formula ¢ is valid iff its truth valid [¢] is 1.

Secondly, we recall the concept of quantum automaton. Let [ = (L, <, A, Vv, 1,0, 1) be
an orthomodular lattice, and let ¥ be a finite alphabet whose elements are called labels.
Then an /-valued(quantum) automaton over X is a quadruple R = (Q, I, T, i), where:

(i) Q is a finite set whose elements are called states;

(ii) I is an l-valued subset of Q; that is, a mapping from Q into L. For each g € Q, I (q)
indicates the truth value of the proposition that ¢ is an initial state;

(iii) T is also an /-valued subset of Q, and for every g € Q, T (q) express the truth value of
the proposition that ¢ is terminal;

(iv) w is an [-valued subset of Q x ¥ x Q, i.e., a mapping from Q x ¥ x Q into L and it
is called the /-valued (quantum) transition relation of 9. Intuitively, for any p,q € Q
and 0 € ¥, u(p, 0, q) indicates the truth value of the proposition that input o causes
state p to become p.

We write A(X, ) for the (proper) class of all /-valued automata over X.

In classical automata theory, a path ¢ = go01q; . ..qr—10%qx 1s said to be successful if
qo € I and g; € T. The behavior of an automaton is the set of labels of all successful paths
in N.

We set

T(Q,%)=(0 x )" x 0= JI(Q x%)" x 0]

n=0

For any ¢ = qy01q; - .- qi—10kqr € T (Q, X), k is the length of ¢ and denoted by |c|, g is
the beginning of ¢ and denoted by b(c), gy is the end of ¢ and denoted by e(c), and sequence
s =0y ...0y is called the label of ¢ and denoted by Ib(c).

Now, we review the key notion—recognizability for /-valued automata.

An [-valued (unary) predicate pathy, on T(Q, ¥) is defined as pathy, € LT@-®) [the set
of all mappings from 7' (Q, X) into L]: for every qoo1q; - .. qx—101qx € T(Q, %),

k-1
def
pathy (900141 - . qe-10kqe) = \[(Gi, 0141, qis1) € 1]

i=0
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Intuitively, the truth value of the proposition that goo1q; . .. gxk—10%qk 1s a path in R is

k—1

def
[pathy (90019 - - - qx-10kq)1 = \ (g1, 0141, Gis1)
i=0

An [-valued automaton over X determines an [-valued (unary) predicate recy; on X£* =
{e} U, =* is defined as follows: for every s € £,

recy(s) = 3c € T(Q, £))(b(c) € I Ae(c) € T Alb(c) =s A pathy(c))

Intuitively, the truth value of the proposition that s is recognizable by N is

[reca(s)] = \/ 1 (b(©)) A T(e(c))
A [pathy(c)]:c e T(Q, 2),b(c) el e(c) e T,lb(c) =s}

3 Reversal /-Valued Automata

Definition 3.1 The mapping p : £* — X* is called reversal, if p(ex) = €5, p(0) =0,
pxo)=p(0)p(x), p(p(x)) =x,¥o € ¥ and x € T*.

It can be easily proved inductively that p(xy) = p(y)p(x),Vx,y € £*. The rever-
sal mapping p defines the /-valued set u” : Q x ¥ x Q — L such that u”(p,o,q) =

u(g, p(o), p).
Let R=(Q,I,T,u) € A(X,]) and p : ¥* — ¥* be the reversal mapping. Then R* =
(Q,T,I,u”) e A(Z,1) and is called the reversal of N.
Proposition 3.2 The following two statements are equivalent:
(i) L satisfies the distributivity: a A (bV c) =(a Ab) V (a Ac¢), foranya,b,c € L.

1
(i) Fu’(p,xy,q) < @re Q)(ulg, p(y),r) A (ur, p(x), p))).

Proof (i) = (ii) It suffices to show that u”(p, xy,q) = \/{u(qg, (), r) A u(r, p(x), p) :
re Q,VYp,q € Q}. We prove the result by induction on |y| = k, where |y| denotes the length
of word y. If k =0, then y = ¢, it is clear by the definitions of ©«” and w. Suppose the result
is true for all y € X* such that |[y|=k — 1,k >0.Let y=0,...0p, € £*,0(,...,0; € Z.
Then from the definitions of ©«”, 1 and the condition (i), we have

w(p,xy,q)
=\ (p.x01...001,1) AP (r,00,9) i 7 € Q)

= \/ VAl p(x). p) A . p(or ...oe). ') 7 € QY A g, p(ow).r) ir € Q)
=\ {1l p(0). p) ARG, p(01 ..o 1), 7)) A (g, p(@i). 1) 7', € Q)

=\/ {1, px). p) AVAU(r, p(01 .. 011). 1) A (g, p(or).r) ir € Q) i1 € Q)
= \/{M(r/’ p(x), p) Aulq, ploy...op),r"):r' € O}

=\/{1(g. o). 7) A G’ px). p) i1 € O}
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(i) = (i) Given a, b, c € L, we prove [ enjoys distributivity; that is, for any a, b, c €
Lan(bvce)=(anb)v(anc).WetakeR=(Q,I,T,u), R =(Q,T, 1, u")eA(X,]),
where Q = po, p1, P2, 3, Pa, I = po, T = psyand u(po, p(03), p1) = a, u(p1, p(02), p2) =
u(p1, p(02), p3) = 1, u(p2, p(o1), pa) = b, u(ps, p(o1), ps) = c for some o1, 02,03 € %,
and p takes O for other arguments. Let x = o) and y = 0,03. Then it follows that

1 (ps, xy, po) = \/{1(po, p(0203), ') A p(r', p(o1), pa) : 7' € Q)
= (L(po, p(03)p(02), p2) A u(p2, p(01), pa))
V (u(po, p(03)p(02), p3) A u(ps, p(o1), pa))
=W(arn)Ab)yVv(@anl)Ac)
=(anb)Vvanc
v A{u(po, p(a3), 1) Au(r', p(o2)p(or), ps) i1’ € O}
= u(po, 03, p1) A (p1, p(02) p(01), pa)
=a AV{u(p1, p(02), 1) A u(r, p(o1), ps) 11 € O}
=a A ((u(p1, p(02), p2) A 1(p2, p(01), ps))
V (u(p1, p(02), p3) A 1(p3, p(o1), ps))
=an((Ab)yv(dAc)
=anbVec)
Soan(bve)y=(@@Ab)V(anc). O
Proposition 3.3 Let | = (L, <, A,V,L1,0,1) be a complete orthomodular lattice. If the
implication operator — satisfies that a <> a = 1 for any a € L. Then for any it € A(XZ, 1)
and for any s € X*,
I
= recyy (s) <> recy (p(s))
Proof Lets =0y ...0;. Then
[recy(p(s))] = [recy(p(0%) - .. p(01))]

k=1
= \/{I(Qk) AT (go) A /\M(Clﬁh p@0jt1),9;):q0€T,qrel, g €0,

i=0
i:l,...,k—l}
= \/{T"(qk) ATP(qo) A (k-1 0k, qi) A <. AP (qo, 01, 41) g0 €17,

g eT’ g € Q}
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k—1
= \/{Ip(qo)AT"(qk)A/\u”(qi,mﬂ,qm) tqo€l” qreT”, qi € Q,

i=0
i=1,...,k—1I

= [recyo (s)] O

4 Accessible /-Valued Automata

Definition 4.1 Let i € A(X, /). Then the [-valued accessible predicate accey; on Q is de-
fined as accey € L2: for every g € Q,

accey(q) & Bs e Z)@ceT(Q,X)(b(c) e I Ae(c) =q A pathy(c))

Thus, the truth value of the proposition that g is accessible by N is given by

[accey(q)] = \/{I(b(C)) A X(q) A Tpathy(c)] :c € T(Q, E), e(c) =¢q,1b(c) € &7}

Let O = {q € Q|[accey(q)] > 0}, pu* = p|lgaxsxga, 1¢ =1I|ga, and T¢ = T|ga. Then
N=(Q 14, T, u*) € A(X,1) is called accessible part of R.

In classical automata theory, a word w of X* is said to be recognized if there exists a
successful path with label w, iw € T. A state g is accessible if there exists @ in X* such that
iw = q. Now, in the /-valued automata theory, we compare with the two notions: recogniz-
able predicate and accessible predicate. In the former, for every s € £*, once s is given, then
s is fixed and [b(c) = s. Its truth value is determined by the different successful pathsy (c)
with Ib(c) =s,b(c) € 1, e(c) € T. However, in the latter, the different pathsy (c) are not all
successful. It only needs to satisfy e(c) = ¢g. So [b(c)(€ X*) is variable, not a constant s. Its
truth value is decided by the different /b(c)(e £*) and e(c) =gq.

The idea of accessibility has an obvious dual.

Definition 4.2 Let R € A(X, ]). Then the [-valued coaccessible predicate coaccey on Q is
defined as coaccey, € L2: for every g € Q,

coaccey(q) déf(fls €XN@EceT(Q,X)b(c)=qg el ne(c) €T Apathg(c))
The truth value of the proposition that ¢ is accessible by )i is given by
[coaccey(q)] = \/{X(q) AT (e(0) A [pathy(c)]:c € T(Q, £),b(c) =q,1b(c) € £*}

Let Q% = {q € Q|[coaccen(q)] > 0}, n’ = pulgbrzwoss 1" =1lgs, and T? = T|ys. Then
NP = (QP, I*, TP, uP) e A(T, 1) is called coaccessible part of i.

Proposition 4.3 Let | = (L, <, A,V, 1,0, 1) be a complete orthomodular lattice, and let
the implication operator — fulfill the property that a <> a = 1 for any a € L. Then for any
N e A(Z,]) and for any s € *, it holds that

(€3] |l= recya (s) <> recy (s), (i) |l= recyp (s) <> recy (s)

@ Springer



1156 Int J Theor Phys (2009) 48: 1150-1163

Proof Lets =o0y...0;. Then
[recy(s)] = \/{1(40) AT (qi) A [pathy(c)]:c € T(Q, X), and Ib(c) = s}

k—1
= \/{I“(q()) AT A J\ 1 (Gi- 01412 Gis1) G- - Gk € Q”}

i=0

k—1
v \/{I”(qo) AT () A [\ 1G> 0141, gis1) : for some g; € Q\Q“}

i=0
k—1

= \/[I”(qo) AT @) A )\ Gi» 011, 4i1) 4o, - Gk € Q"}

i=0

= [recya(s)]

(i) Similar to the proof of (i). O

Proposition 4.4 Let | = (L, <, A,V, 1,0, 1) be a complete orthomodular lattice, and let
the implication operator — fulfill the property that a <> a = 1 for any a € L. Then for any
q € Q, we have

1
= coaccey(q) < accege ().

Proof For any W = (Q, I, T, ) € A(X,1), then N = (Q,I”, T, u”), and I” =T,
T, =1, u’(q,o0, p)=un(p, p(o),q). Now by using Definitions 4.1 and 4.2 we obtain

[coaccen(q)] = \/{X (q) A T(qi) A [pathy(c)] : qu € T.c € T(Q, T),
and b(c) =q, [b(c) € ¥}

k—1

= \/{X(q) AT (@) A N\ 1@, 0i1,4i11) g €T,
i=0
qgo=¢q, ceT(Q,%), and b(c) =gq, Ib(c) € E*}
k=1
= \/[X(q) AP A\ Gis1, 000141, gk €T,
i=0
qgo=¢q, ceT(Q,X), and b(c) =¢q,1b(c) € Z*]
=\’ (@) A X(@) A’ (g p(01-..00),q) s qi € 17,
q=q, ceT(Q,%), and b(c) =q,lb(c) € ¥*}
= [recgn (q)] 0
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Definition 4.5 Let )t € A(X, ). Then 9 is called trim, if it is both accessible and coacces-
sible. Let Q' = {g € Ql|[accey(g)] A [coaccexn(q)] > 0}. We denote X' = (Q', I', T', '),
w = plorxsxoi, I' =1|gr, and T" = T'|or. Then R’ is called trim part of Q.

Proposition 4.6 Let [ = (L, <,A,V,L1,0,1) be a complete orthomodular lattice, and let
the implication operator — fulfill the property that a <> a = 1 for any a € L. Then for any
N e A(X,1]) and for any s € *, it holds that

1
= recy: (s) <> reca(s)
Proof 1t is obvious by the Proposition 4.3. a

Definition 4.7 Let f1: Q1 —> L, f,: 0, — L
(1) finfa: Q1 x Qs — Lisdefined by fi A f2(q1,q2) = filg) A f2(q2)

Q) Qi NQy,=0,then f1V f>: 01U Q, — L is defined by

fi(q), ifqe Q

f‘vfz("):{fz(qx ifg e 0,

Definition 4.8 Let N = (O, 1, T1, n1), and o = (Q2, L, Tr, o) € A(X,1) be two
[-valued automata over X. Then their product i x g is defined to be I = (Q3, I3, T3, 13),
where:

(i) Q3=01%x Q2

(i) =5 A D;

(111) T3 =T\ ATy,

(iv) pu3: Q3 x X x Q3 — L and forany py,q; € Q1, p2,q2 € Qr,and o € %,

wu3((p1, p2), 0, (q1,q2)) = n1(p1,0,41) A na(pa, 0, g2)
Proposition 4.9 Letl = (L, <, A,V, L,0,1) be a complete orthomodular lattice:

(1) Forany M, p € A(X,1) and for any (p,q) € Q1 X Q», we have

l
= acceyixp (P, q) — accey(p) Aaccey(q)

(2) If L satisfies the distributivity: a A (bV ¢) = (a Ab) V (a Ac), foranya,b,c € L. Then
forany R, p € A(X,1), and for any (p,q) € Q1 X Qo,

I
E accey(p) A accey(q) <> acceyxp (P, q)
Proof For any (p,q) € Q1 x O, then

[acceyixp (P, q)]
k—1

= \/{(11 A D)(P10:q20) A (X1 A XD (P, @) A\ 131 4200 0115 (Priys G2i1)) :
i=0
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P1i € Q1, q2i € 02,1b(c) € E*}

k-1
= \/{11 (P10) A L(g20) A X1(p) A X2(g) \ 11 (Pii- 01, Priisen)
i=0
k-1
A\ #2(qai, 0111, qai 1) : pii € Q1. g € Qz}
i=0
k=1
= \/[11(}710) A Xi(p) A /\//«1(1711‘,01'+1,611(i+1)) tpi€Q1,i=0,...k,
i=0

and py = p,lb(c) € Z*}

k-1
\/\/ifz(CIzo) A Xo(g) A /\Mz(%', Oit1, qai+1)) 1 qai € 02,1 =0, ...k,
i=0
and gy =q,1b(c) € E*}
k=1
[accey(p) N accey,(q)] = |:\/{11 (po) A X1(p) A /\Ml(Pi, Oit1s Dit1) :
i=0

pi € 01,i=0,...k, and p, = p,Ib(c) € E*}i|

k—1
V|:\/{12(QO) AXa(@) A J\ 12Gi, 0141, Gig) :

i=0
qi € 02,i=0,...k, and g, =q,1b(c) € E*”

It is clear that

[acceyxp (P, q)1 < [accey(p) A accey,(q)]

If L satisfies the distributivity: a A (b V ¢) = (a A b) V (a A ¢), from the above result, we
can obtain

[accen(p) A accey,(q)] = [accen(p)]1 A [acce,(q)]

= faccemxp(p, q)1 O

Definition 4.10 Let % = (Q4, I, Ty, 1), and p = (Q2, L, T», u2) € A(X,1l) be two
[-valued automata over X. We assume that Q1 N Q, = @J. Then the union R U g is defined
to be I = (03, I3, T3, j43), where:
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1) O3=01U 0y
(i) =1V I
(i) T3 =T,V T»;
(iv) p3: Q3 x X x Q3 — L is given as follows: for any p,q € Qs,and o € X,

/’Ll(p70761)’ ifpvqul
u3(p,o,q) =1 na(p,o,q), ifp,qge 0
0, otherwise

Proposition 4.11 Let I = (L, <,A,V, 1,0, 1) be a complete orthomodular lattice. If the
implication operator — fulfill the property that a <> a = 1, for any a € L. Then for any N,
o €A(XZ,1) and for any g € Q1 U Q,, we have

1
= accequp (q) < accey(q) V accey,(q)
Proof For any ¢ € Q; U Q5, then
raccemu[,o(qﬂ
k—1
= \/{(11 A D)(go) A (X1 A X2 (@) A J\ 13(di, 0141, ) -
i=0
g € 01U Q02,i=0,....k,qx =q,lb(c) € E*}
k—1
= [\/:al A D) (go) A Xy A X2)(@) A J\ 143(gi5 011, Gaen)

i=0

qieQl,i:0,...,k,qk:q,lb(c)eE*}i|

k-1
V|:\/:(11 A D) (go) A Xy AX2)(@) A J\ 13(q1: i1, qien) :

i=0

q,-eQg,i:O,...,k,qk:q,lb(c)eZ*}:|

k-1
V|:\/:(11 A D) (go) A (X1 A X2 (@) A [\ 131, 0141, qasn) -
i=0
g € 01UQy,i=0,....,k,qr=q,lb(c) e &*
and there are i, j suchthat0 <i, j < kandg; € Qy, q; € QQ}:|
k-1
= |:\/{11(610) A X1(g) A /\Ml(%‘, Oit1,4G+1)

i=0

g €01,i=0,....k, qx =q, lb(C)ez*H
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k=1
V|:\/{12(40) AN Xo(g) A /\Mz(éli, Oit1,qGi+1)

i=0
qgi € 02,i=0,....k, g =q, lb(c)eZ*}:|

= [accey(q) V accey(q)] O

5 Complete /-Valued Automata

Definition 5.1 Let i\ € A(X,[). Then R = (Q, I, T, u), is called complete, if for each
(p,o) € O x X, there exist g € Q, such that u(p, o, q) > 0.

Definition 5.2 Let R € A(X,[). Then R = (Q°, I¢, T, u°), is called a completion of N,
if:

(1) %€ is a complete /-valued finite automaton.

(2) M is the submachine of N¢,ie., QS QO I°|p =1, T |og =T, uloxxx0 = K-
Example 5.3 Let ® € A(X, 1) be an [-valued finite automaton, which is incomplete. Con-

sider W =(Q',I',T', '), where Q' = QU {z},z€ Q and

u(p,o.q), ifp,qeQ, n(p,o,q)#0
w(p,o,q)=11, if either w(p,o,r)=0, Vre Q, andg=zorp=g=z2

0, otherwise

where I' : Q' — L be such that I'(q) = 1(q), if g € Q,and 0, if g€Q, T': Q' — L be
such that T'(q) =T (q), if ¢ € Q, and 0, if g€Q. Then 9’ is the completion of N.

Proof V(q,0) € Q' x X:

(i) g€ Q.If u(p,o,r) =0, Vr € Q, then take p = z, such that u/(g, o, p) > 0. If not,we
take r’ € Q, such that u'(p,o,r) = u(p,o,r) > 0.

(ii) ¢ = z. We only take p = z. Hence, Y(q,0) € Q' x X, 3p € Q such that u'(¢q, o, p) > 0.

Obviously, 0 € Q' I'lg = 1. T'lo = T. il pxzx0 = 1. 0

Note Tt is clear that R’ is the smallest completion.
Proposition 5.4 Let | = (L, <,A,V, 1,0,1) be a complete orthomodular lattice, and let

the implication operator — fulfill the property that a <> a = 1 for any a € L. Then for any
N, R € A(Z,1),R is defined as the Example 5.3, and for any s € ¥*, it holds that

I
= recyy (s) <> recy(s)

Proof Lets =0 ...0;. Then

[recy (s)] = [recy (07 ...0%)]

= \/{I'(po) AT () A 1 (Po. 01, P1) Ao A (Prct 0 i) -

Pos---» Pk € Q)
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= /(o) AT (p) A p(po, 01, PO A - A Pici 06, Pi) - Pos - -, P € Q)

v\ (o) AT (pi) AW (po. 01, 1) A+ A (D1 0 i) -
po, px € Q, for some p; € 0"\ Q)

By the definition of &/, we obtain

[recyy (s)] = \/{I(Po) AT (pe) A u(po, o1, p1) A ... Auw(pr—1, 0k, Px) : Po, .- -, Pk € O}
= [recy(s)] O

Proposition 5.5 Let N € A(X, 1) be an l-valued finite automaton. L satisfies the distribu-
tivity:a AN (bVc)=(aAb)V(aAc),foranya,b,c € L:

(1) If N is a complete I-valued finite automaton, then so is R°.
(i1) If M is an accessible l-valued finite automaton, then so is N.

Proof (1)) Let R =(Q, I, T, ), R* =(Q*, 1*,T*, u*). For (p,o) € Q¢ x L C Q x %,
since M is complete, there exists ¢ € Q such that u(p,o,q) > 0. Again p € Q¢, then
[accer(p)] > 0, i.e., go € Q and s € X* such that I(gy) A n(qo, s, p) > 0. Therefore,
I(qo) > 0 and u(qo, s, p) > 0. So u(qo, s, p) A u(p,o,q) > 0.

L satisfies the distributivity, hence w1 (qo, so, p) = \/{1t(qo, s, 1) A u(t, o, q)|t € Q} > 0.
Thus 1(go) A £(qo, 50, q) > 0. Hence g € O, u*(p, 0,q) = n(p, 0,q)|gaxzxga, then R
is complete.

(i) Let N be accessible. Therefore Q = Q“ = {q|[accexn(q)] > 0}. Let ¢¢ € Q°. If
q°¢ € Q, then we are done.

Since N is incomplete, there exists (po, 0p) € Q x X such that pu(po, 09, 1) =0,Vt € Q.
But then ©(po, 09, g°) =1 > 0. Again % is accessible and py € Q = QF, there exist r € Q
and xo € X* such that 7 (r) A u(r, xo, po) > 0. Therefore I (r) > 0 and u(r, xo, po) > 0. By
the distributivity of L, so u‘(r, x000,q¢¢) = \/{u(r, xo, k) A uck,x0,q%) |k € Q} >
ue(r, x0, po) A 1 (po, X0, 4°) = u°(r, xo, po) = u(r, xo, po) > 0.

Thus I (r) A u€(r, x000,q¢) > 0, i.e. g is accessible. Hence )¢ is accessible. O

Let W = (Q,I,T,u), be an [-valued automaton, p (Q) = {P|P C Q}. Define u¢ :
P (0) x T x p(Q)— L by
1, if P=@orR=0

d
P,O', R) = )
i ) { V{w(p,o,q)lp € P,q € R}, otherwise

1Y:9(0Q) — L by

NI(@lpeP}, ifP+#0

1(p) =
() 0, otherwise

and T? : p(Q) — L by

NI (p)lpe P}, ifP#0

TY(p) =
(P) 0, otherwise

Then R = (p (Q), I, T?, u?) is a complete /-valued automaton.
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Proposition 5.6 Letl = (L, <,A,V,L1,0,1), and let — be an implication operator satis-
fying the Birkhoff-von Neumann requirement. For N = (9 (Q), 19,79, u? e A(Z, 1), we
have

I
= recy (s) — recga(s)
Proof Lets € ¥*. Then

[recqa ()]

=\/U/P)AT (R) Ap'(P.s.R)| P.R € p(Q))

:\/{/\{I(p) |l pePyA \(TG)|reR)
A\t s,v) [t e P.veR}| P,Rep(Q)}

:\/{/\{I(p)/\T(r) |peP,reR)
A\t s.v) [t € P.veR}| P,Rego(Q)}

2\/{/\{1(1))/\T(r)|peP,reR}/\{M(t,s,v)|teP,veR}lP,Rega(Q)}
:\/{I(p)/\T(r)/\pL(t,S,l))|p€P, reR;teP,veR,P,Recp(Q)}
=\/UP)ATG) Au(p,s,r)|peP,reR)

VvV () ATG) At s, v) it #porvr)
> [recy(s)] O

6 Conclusion

In classical automata theory, given an automaton i recognizing a set of words of the most
general sort, we can guarantee to produce a deterministic and accessible automaton recog-
nizing the set. If % is non-deterministic we can determine it; If ) is not trim we can trim it;
If !N is incomplete we can complete and we can do all of these without changing the recog-
nizing set. This paper is devoted to an account of the basic properties of automata. We try
to purse more properties of quantum recognizability and accessibility, but we find that the
proof of some properties of automata by the semantic analysis method requires an essential
application of the distributivity for the lattice of truth values of the underlying logic.

With the close relationship between automata theory and the theory of formal grammars,
Qiu [15, 17] and Cheng and Wang [2] dealt with the equivalence relation between quantum
automata and quantum grammars in the framework of quantum logic. We will consider the
relation between Boolean logic and quantum logic and compare some basic properties in the
different framework in subsequent work.
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